SOLUTION OF COUPLED HEAT-TRANSFER PROBLEMS
IN FLOW ABOUT BODIES OF DIFFERENT SHAPES
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Several studies [1-3] have been devoted to the solution of coupled heat-transfer prob-
lems. Here we examine nonsteady heat transfer in the supersonic flow of an ideal gas about
axisymmetric solids of revolution with values of the determining parameters of the problem
corresponding to different flow regimes in the boundary layer. Numerical and analytical
solutions for heat flux with a nonisothermal surface are compared in the case of laminar flow
in the boundary layer. It is shown that in this case heat flux to the body has a structure
which is related to the history of development of the thermal and dynamic boundary layers
and to the value of the local surface-temperature derivative. Here, substantial errors may
result from the use of standard formulas for the heat-transfer coefficient without allowance
for dTy/ds when the values of dTy/ds are large and the determination of the temperature field
in the body is posed as a separate problem. It should be noted that the effect of a noniso-
thermal surface temperature on heat flux to a wall in flow about plane bodies was examined
in [4, 5].

1. In accordance with [2, 3], characteristics of coupled heat transfer will be sought
from the solution of a system of equations describing the change in mean values in the bound-
ary layer [3] and the nonsteady equation of heat conduction in the shell of a body with the
corresponding initial and boundary conditions.

With allowance for the Dorodnitsyn—lees variables for the equations of the gas phase
in a natural coordinate system connected with the outside surface of the shell, the system
of equations appears as follows in dimensionless variables:
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The boundary and initial conditions are written in the form
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Here, s is the dimensionless length of an arc reckoned from the critical point on the external
contour of the shell; n and y, are directed normal to the external contour on different sides;
H; and r are the Lamé constants; y = uez/cpTeo,
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Tty = My/hpe, Tp = P16,/P14C1, g = EGT:ZO/}HM
L= o(p 4 Tip)/peite

are dimensionless parameters; Re = vmpeoRN/Heo; Vvm = vY2heo; T = t/t*, o = T/Te, are the dimen-
sionless time and temperature; t* = RNpi%c;%/A;x; RN, L is the characteristic dimension and
thickness of the shell. The subscripts e, e0, and w pertain to parameters on the external
boundary of the boundary layer, on the external boundary at the stagnation point, and on the
outside surface of the shell, respectively. The subscript 1 denotes characteristics of the
solid phase, while the subscripts m and t denote characteristics of molecular and turbulent
transfer.

A two-layer model of a turbulent boundary layer was used to describe turbulent flow.
The eddy viscosity coefficient in the internal region was found from the Prandtl formula with
the Van-Drist—Cebeci damping factor [6]:
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In the external region we used the Clauser formula with a correction factor which con-
sidered alternation:

20
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The boundary between the regions was found from the condition of equality of the coefficients
(1.8) and (1.9).

The coefficient of longitudinal alternation T for the case of flow about blunt bodies
was taken from [7] in the transitional region from the laminar to the turbulent regime. The
origin was determined by the point of loss of stability. The coordinate of this point was
determined from the condition for the critical value of the Reynolds number:
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In the laminar flow regime, [ = 0. In the turbulent regime, T = 1.

The completed calculations and comparison with experimental data [8] showed that the
given model of turbulent flow can be used.

We examined flow about spherical bodies and bodies with generatrix equations yc = %%,
a = 0.5, 0.25, and 0.125 (here, the dimensionless quantities Xc and y¢ correspond to a
Cartesian coordinate system with its origin at the critical point. The x¢ axis is directed
along the symmetry axis of solids of revolution.) The data in [9], approximated by means of
splines, was used for the pressure distribution on the external boundary of the boundary layer.

In the numerical integration, Prpm = 0.72 and Prt = 1. The molecular viscosity coeffi-
cient was determined either from the Sutherland law or from the power dependence on temperature.
The system of boundary-layer equations was integrated numerically by a difference scheme ob-
tained by means of an iterative-interpolational method [10]. The two-dimensional heat-con-
duction equation in the body was calculated by the decomposition method [11] in combination
with the method in [10]. The computational procedure was examined in detail in [3].

In the numerical calculations, the thermophysical characteristics of the material were
assumed to be constant, and we varied the following determining parameters of the problem:
the Mach number in the incoming flow, Re = vppe RN/Heq, the initial temperature ©,i, and the
coupling parameter K =.,/RePrmley/A;x.

2. We will examine the results of the solution of boundary-value problem (1.1)-(1.7).
First, let us examine the case of laminar flow in the boundary layer. Figure 1 shows distribu-
tions of dimensionless heat flux qw = AwdT/dy|w/Re/pe,vmhe, and surface temperature Oy = Ty/
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Tep, at different moments of time. The calculations were performed for the contour yc =
x.?°12%,(s0lid lines) and a sphere (dashed lines). Curves 1 correspond to 1 = 0, while
curves 2 correspond to T = 0.08. Here, My, = 4, u/uegy = V0, Te = 288°K, 0,i = 0.248, X =
3.186, L/RN = 0.1, 8@/8y1|y1=L/RN = 0. The results were obtained from the solution of a one-
dimensional heat-conduction equation because, as will be shown below, heat flow along the
longitudinal coordinate s can be ignored for the given determining parameters of the problem.
It follows from Fig. 1 that with the generatrix yc = x.°°!25 at the initial moment of time

T = 0 the heat-flux maxima is reached on the lateral surface in the region with the smallest
radius of curvature of the contour and the greatest velocity gradient on the external bound-
ary. Over time, this process leads to a maximum surface temperature in the given region and
a subsequent decrease in heat flux (curves 2). Results of analysis of the solution in the
form of the ratio St/St, = qw(l — Ow¢)/lquoe(l — 0w)] for different moments of time (curves
l1and 3 —1=0; 2and r = 1 = 0.08) are shown in Fig. 2a (curves 1 and 2 are for the body
with x,°+1%%, while 3 and 4 are for the sphere). The corresponding distribution 0y(s) at T =
0.08 for yc = Xc°-*?% is shown in Fig. 2b, c. The relative heat-flux distribution agrees
well with the formulas in [12] and St/St, = qw/qu, for the isothermal surface of the body at
t = 0. The circles in Fig. 2a show data obtained from the formulas in [12] with Oy = ©,1.

In the general case of an isothermal surface Ty(s), the method of successive approxima-
tions [13, 14] can be used to write a formula for the heat-flux ratio
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while the expression for the control function 8g(s) has the form
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Here, in accordance with [14], we write the integrals ¢; and B, as follows with the sought
profiles given in the form of an error integral and the viscosity law w/ue, = o
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Expanding the functions in the neighborhood of the critical point, we obtain the fol-

lowing, accurate to within the second order:
8, (0) = m B, (0) = 0,068 + 0.0576L2, (2.3)

The results of numerical integration and analysis of Eq. (2.1) in the case 6y = const
show that parametric sampling of the value of Oy has little effect on the heat-flux ratio
{14]. At the same time, it follows from Eq. (2.1) that the second term, connected with the
derivative 90y/ds, may make a substantial contribution to the value of the heat-transfer co-
efficient in the case of a nonisothermal surface. It was shown in [15] and confirmed by a
comparison of theoretical and experimental data that a variable temperature Ty(s) has a sig-
nificant effect on the Nusselt number in the flow of an incompressible gas about a flat plate.

It follows from a comparison of the curves in Fig. 2a that the ratic St/St, obtained
for constant and variable surface temperatures may differ appreciably. Here, in accordance
with (2.1), St/St, decreases on the lateral part of the surface in the region of positive
values of 30y/ds, while it increases for negative values. The use of the coefficient of heat
transfer from the gas phase found for an isothermal surface may lead to serious understate-
ment of surface temperature at 30yw/ds < 0 in this case.

The results of the solution in an exact formulation with allowance for coupled heat trans-
fer {(curve 1) and the results obtained with the separate formulation are compared in Fig.
2b, c¢. Here and in Fig. 3, curves 2 correspond to the solution of the heat-conduction equa-
tion with a specified heat flux from the gas phase in the form qw = [gqw(s)/qwolqwe, where
qw(s)/qw, was taken from (2.1). The well-known formulas in [16)} were used to calculate heat
flux in the neighborhood of the critical point qy,. Here, curves 3 were obtained for the case
when the second term was not considered in Eq. (2.1), i.e., with x = 0. The expression for
the control function 8g(s) is also simplified in this case.

It follows from comparison of curves Oy(s) with the heat flux assigned with allowance for
(2.1) that there is fairly good agreement between the results of the solutions in the exact
and separate formulations. If we consider only the history of development of the thermal
boundary layer and do not consider the value of the local derivative 30y/8s, then the surface
temperatures are reduced at 30w/3s < 0. This has a greater effect for the body with y¢ =
xc°* 125, for which there is a significant change in conditions on the external boundary of
the boundary layer and, thus, in the surface temperature at s > 0.6. The error of Gy for the
sphere is no greater than 5-67 at s £ 1 and 107 at s > 1.
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If we use the expression quw = (qw(s)/qw,)°qw, as the heat flux from the gas phase in the
separate formulation of the problem — with the relative heat flux (qw/quw,)° being chosen with
an initially isothermal surface temperature — then the error of Ow(s) in such an approach in-
creases significantly (curves 4 in Fig. 3 and Fig. 2b, c). Curves 5 were obtained with the
use of the flux qw = St(s)(1 — Ow)qw,/[St(0)(1 — 6y,)], where the ratio St(s)/St(0) was taken
with Owi. These approaches correspond to specification of the coefficient of heat transfer
from the gas phase for an isothermal surface.

The effect of nonisothermal temperature Ow{(s) on the coefficient of heat transfer from
the gas phase can be analyzed by means of the analytical solution (2.1). We will construct
the nonisothermality coefficient in the form of the ratio St/St, for variable and constant
surface temperatures, other conditions being equal:

St/St, B, (0) 5, (0) 2Pr 8, (s) By, (5) ax o o (0) o /8 0)
(St/St) = q’)B ) ]/.fsg(s) [1 + t—q \1—23001(3)) (1— )B 0] a ) ] (2.4)

(the index is corresponds to the characteristics of the isothermal surface). If u ~ T, then
¢,(s) = const = 0.159; B,(s) = const = 0.125, and Egs. (2.4) and (2.2) can be simplified.
Using the assumption Prp = 1, we obtain
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Let us examine the case of flow about a sphere when ry/RN = sins. The velocity on the exter-
nal boundaryue will be given as ue = due/dsls=os, while we will use Newton's formula pg/peo =
cos?s for the distribution of pe. Considering the character of the distribution quw(s) about
the circumference of the sphere, we specify Oy(s) in the form (1 — 0y)/(1l — Oy,) = (1 +
Asz)Bm/¢1, where A is a positive constant coefficient. At A = 0, we have Oy(s) = 0y, = const.
Then from (2.5),
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(16s sin?scos?s), it is easy to find %. We will determine A from the condition ©y(s,) =0,

Considering that 28,(s)B. = O4(s)/8g(s)is, % = = (2s2 — ssin4s — 0.2scos4s + 0.25)/

Dy
on the given ray s,, when A ::[«1——@*”0:— 1m»Bw JLi At large values of Oyo, A > 1;
for example, it follows from Fi 2c_that 0y, = 0.86, 6, = 0.6, s, = 1.2, so that A = 1.95.
From here, with s = 1.3, Sg(s)is/Sg(s) .1.295, % = 2. 17 from the solutlon of (2.5)-(2.7).
At small values of Oy, A = 0.05-0.15; thus, for 0y, = 0.19, s = 1.3, A = 0.113, so that
V8g(s)is/ég(s) = 1.045, » = 1.27.

The above analysis confirms the conclusions regarding the need to allow for surface
nonisothermality in the expression for St/St, in sections far from the critical point within
a broad range of values of the temperature factor. This is corroborated by the theoretical

data in Fig. 3a, b, where the dynamics of the change in surface temperature with time at s =
0.86 is shown for the body with yc = x.%°1'2° for the exact and separate formulations of the
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problem. Figure 3a corresponds to the calculation shown in Fig. 1, while Fig. 3b gives re-
sults of calculations of flow about the body with M, = 10 and other determining parameters
being identical. In this case, with Tyji = 300 K, 0,1 = 0.0496, and it is evident that the
difference in Tw(t) also becomes significant over time in the section s = 0.86.

Calculation of the boundary-value problem (1.1)-(1.7) showed that the temperature across
the shell equalizes for adiabatic conditions on the inside wall of the shell at large values
of 7, and 9yw(s) attains the radiative equilibrium temperature Oyr(s). The latter is also de-
termined independently of problem (1.1)-(1.5) with an energy conservation balance condition

7\'(3”
m }\’I*
Here, for € = 0.7, My, = 4, Tey, = 1210 K the parameter wg is small and the distribution of Oyr
about the circumference of the body is somewhat lower than the value of the adiabatic surface
temperature, which can be evaluated beforehand [17]. With an increase in M., the stagnation
temperature Te, increases. This in turn leads to an increase in mg and a decrease in Oyr.
Meanwhile, the value of Oyr changes much more drastically about the circumference of the body.

7w (0,s) V Re Pr = n 0%, (2.8)

Figure 4a shows the results of analysis of the solution of the coupled problem in Fig.
lc in the form of the ratio St/Sti = quw(s*)[1 — 6ywi(s*)1/qui{s*)(1 — ow(s*))], where Sti cor-
responds to the initial isothermal surface temperature. The data are shown for different
values of the coordinate s* about the circumference of the body. The dashed curves correspond
to values of St/Sti found by integration of the boundary-layer equations with different iso-
thermal values of the wall temperature. Curves 1-3 were constructed with s = 0, 0.6, and
0.86 for the body with yc = x3°12%,

As might be expected, the results of calculations with both formulations agree near the
stagnation point, but they may differ appreciably on the lateral surface (curves 3). For
this reason, as indicated above, the use of the heat-transfer law obtained for an isothermal

wall will lead to significant errors in the determination of @, on the lateral surface of
the given bodies.

Figure 5 shows the behavior of dimensionless heat flux &&(s, 1) and surface temperature
at different moments of time in the presence of laminar, transitional, and turbulent regions
of boundary-layer flow. Here M, = 4, T, = 288°K, 0,i = 0.248, K = 3.186, L/RN = 0.1, ufpe, =
83/2(1 4 )/ (o + ¢}, BO/BleHFL/RN = 0, Re = 5.7-10°%, and we examined flow about a body with
a contour described by the equation y¢ = x,%*%25., Curves 1-3 correspond to T = 0, 0.01, and
0.02. The solid lines were obtained from the solution of the boundary-value problem with
the use of two-dimensional energy equation (1.3), while the dashed lines were obtained for
T = 0.02 with the use of a one-dimensicnal equation, when heat flow along the longitudinal
coordinate s is ignored. It should be noted that the conditions of these calculations (suf-
ficiently large thermal conductivity in the body, large longitudinal temperature gradient
on the surface due to turbulent boundary-layer flow) maximize the difference of ow(s) (to 10%).
In the case of low thermal conductivities in the body or with laminar flow in the boundary
layer, heat flow along the longitudinal coordinate can be ignored.
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The conservativeness of the ratio St/St* was shown in [17, 18] for spherical blunting,
where St* = qu*[pwVecp(Te, — Ty*)] corresponds to the maximum heat flux q,* for an iso-
thermal surface in a broad range of determining parameters of the problem. It is interest-
ing to analyze the behavior of this quantity when the body is heated. The results of the so-
lution shown in Fig. 5 were analyzed in the form St/St*(s) for the same moments of time and
are shown in Fig. 6, where 1-3 correspond to 7 = 0, 0.01, and 0.02. The dashed line corres-
ponds to flow about a sphere with allowance for the transitional zone at 0y = 0,1 = 0.248
and the determining parameters in Fig. 5. Good agreement is obtained with the formula in
[18] obtained using the effective-length method [19] for St/St* in the case Oy = const with
the use of the model of point transition from laminar to turbulent boundary-layer flow.

It can be seen from Fig. 6 that the ratio St/St* changes little over time for different
behaviors of surface temperature about the circumference of the body. Here, the use of St/St¥*
found for an isothermal surface as the coefficient of heat transfer from the gas phase with
the separate method of solution of the problem will lead to a significant reduction in the
temperature of the lateral surface, as in the case of laminar boundary-layer flow.

This conclusion also follows from Fig. 4b, which compares results of the solution in the
coupled formulation from the calculated data in Fig. 5 (solid curves) with data from numeri-
cal integration of the system of equations with different isothermal values of surface temp-
erature (dashed lines). Here, the lines characterizing the dependence of St/Stj on 0y for
turbulent boundary-layer flow are shown for two values of s about the circumference (1 and
2 correspond to s = 0.86 and 1.23).

Results of numerical integration of boundary-value problem (1.1)-(1.7) were compared
with results obtained by formulas in the effective-length method [19] for heat flux with heat-
ing of bodies of different form, these formulas having been obtained for the general case
of a nonisothermal surface:

Gw = 00296 Pr k0% ud 8% e et 2 e, (Tr — T,

7 \10,4+0,2exp(—0,890)]
( ) (1 + 0.89m)>*,

03:”2/2}‘97 Tr= Te (1—{“0’89(0)’
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8 .
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Tef = j'pwlf"%’zs <_f'11‘_[—1;) (T, — Tw)EdS/{pw[_L%;'5 (‘%r—n‘l) (re— Tw)z}'
0

A point transition from laminar to turbulent flow was specified for the separate formula-
tion. Here the calculations agreed on surface temperature to within about 87 in the region
of developed turbulent flow for the sphere. For the body with yc = x.°°!?° and separate
formulation of the problem, the reduction in surface temperature reaches 157 at s > 0.8 and

T = 0.02.
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